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Abstract 

Boris Shoikhet noticed that the proof of lemma 1 in section 2.3 of [I] contains an error. In this note I 
give a correct proof of this lemma which was suggested to me by Dmitry Tamarkin. The correction does 
not change the results of pp. 

1 Introduction 

In this note I give a correct proof of lemma 1 from section 2.3 in jlj. This proof was kindly 
suggested to me by Dmitry Tamarkin and it is based on the interpretation of Loo-morphisms 
as Maurer-Cartan elements of an auxiliary Loo-algebra. 

The notion of partial homotopy proposed in section 2.3 in [1] is poorly defined and this 
note should be used as a replacement of section 2.3 in pQ. The main result of this section 
(lemma 1) is used in section 5.2 of [1] in the proof of theorem 6. Since the statement of the 
lemma still holds so does the statement of theorem 6 as well as all other results of [I]. 

In section 2 of this note I recall the notion of an Loo-algebra and the notion of a Maurer- 
Cartan element. In section 3, I give the interpretation of Loo-morphisms as Maurer-Cartan 
elements of an auxiliary Loo-algebra and use it to define homotopies between Loo-morphisms. 
In section 4 I formulate and prove lemma 1 from section 2.3 of pQ. Finally, in the concluding 
section, I give a model category interpretation of the homotopies between Loo-morphisms. 

Notation. I use the notation from pTJ. The underlying symmetric monoidal category is 
the category of cochain complexes. For this reason I sometimes omit the combination "DG" 
(differential graded) talking about (co)operads and their (co)algebras. For a (co)operad O I 
denote by Fe> the corresponding Schur functor, s K denotes the suspension of the complex 
K. In other words, 

sK = s<S>K , 

where s is the one-dimensional vector space placed in degree +1. Similarly, 

s - l K = s- 1 ®K , 

where s -1 is the one-dimensional vector space placed in degree — 1 . lie is the operad of Lie 
algebras and cocomm is the cooperad of cocommutative coalgebras. 

By "suspension" of a (co)operad O I mean the (co)operad A(C) whose m-th space is 

A(C)(m) = S 1 - m O(m)®sgn m , (1.1) 

where sgn m is the sign representation of the symmetric group S m . 
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Tamarkin for useful discussions. In particular, it is D. Tamarkin who suggested to me 
the correct proof of lemma [T] and it is V. Hinich who explained to me the model category 
interpretation of homotopies between Loo-morphisms. 



2 Loo-algebras and Maurer-Cartan elements 

Let me recall from [4] that an Loo-algebra structure on a graded vector space £ is a degree 
1 co differential Q on the colagebra FA C ocomm(£) cogenerated by £. Following PQ I denote 
the DG coalgebra (F Acocomm (£), Q) by C{£): 

C(£) = (F Acocomm (£),Q). (2.1) 

A morphism F from an Loo-algebra (£, Q) to an Loo-algebra (£°, Q ) is by definition a 
morphism of (DG) coalgebras 

F : C{£) -> C{C) . (2.2) 

Since 

^Acocomm(^) SF cocomm (s £) 

the vector space of C(£) can be identified with the exterior algebra A'£ and for a graded 
vector space V a map 

/ : F Aco 

comm 

of degree | / 1 can be identified with the infinite collection of maps 

f n :£® n ^V, n>\, 
where each map /„ has degree | / 1 + 1 — n and 

/ n (..., 7 , 7 ',...) = -(-l)^^Vr l (...,7 , ,7,---) 

for every pair of elements 7,7' G £ . 

Due to proposition 2.14 in [3] every coderivation of FA cocomm (£) is uniquely determined 
by its composition with the projection 

comm 

{£) -> £ (2.3) 

from FAcocomm(£) onto cogenerators. 

In particular, the co differential Q of the coalgebra C{£) is uniquely determined by the 
infinite collection of maps 

Q n = Wc°Q :A n C^£ 1 (2.4) 

such that Q n has degree 2 — n . In [1] Q n are called structure maps of the Loo-algebra £ . 

The equation Q 2 = is equivalent to an infinite collection of quadratic equations on the 
maps (12.41) . The precise form of these equations can be found in definition 4.1 in [2]. 

One of the obvious equations implies that the structure map of the first level Qi is a 
degree 1 differential of £ . Thus an Loo-algebra can be thought of as an algebra over an 
operad in the category of cochain complexes. 

Every Loo-algebra £ is equipped with a natural decreasing filtration: 

£ = T\ c £ D T 2 lc £ D Tl£ D... 

•He = 03 Qki^ll^i J~ !c A ■ ■ ■ j J~\ fc£) 1 

UH Hk=i 

which is called the lower central filtration. 
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Definition 1 (E. Getzler |2J) An Loo-algebra £ is nilpotent if the lower central filtration 
of £ terminates, that is, if T\ c £ = for i ^> . 

Furthermore, an Loo-algebra is called pronilpotent if it is a projective limit of nilpotent 
Loo-algebras. 

For a (pro) nilpotent Loo-algebra £ it makes sense to speak about its Maurer-Cartan 
elements: 

Definition 2 (E. Getzler |2J) A Maurer-Cartan n of a pronilpotent L^- algebra (£,Q) is 
a degree 1 element of £ satisfying the equation 

OO j 

V-Q n (7r,7r,...,7r) = 0. (2.5) 
z — 4 n\ 

n=l 

Let me remark that the infinite sum in (12.51) is well defined since £ is pronilpotent. 

Every Maurer-Cartan element rr of £ can be used to modify the Loo-algebra structure on 
£ . This modified structure is called the Loo-structure twisted by the Maurer-Cartan 7r and 
its structure maps are given by 

OO j 

Ql{l\i ■ ■ ■ iln) = V— :Qm+n(n, . . . , 7T, 7i, . . . , 7„) , 7; G C . (2.6) 

^— ' ml 

m=l 

It is equation (12. 5p which implies that the maps (12.61) define an Loo-algebra structure on £ . 

Two Maurer-Cartan elements tcq and tt\ are called equivalent if there is an element £ 6 £° 
such that the solution of the equation 



connects 7r and tti: 



7T t 



= 7^0 , TTt 

i=0 



= 7Ti 

t=l 



3 Loo-morphisms and their homotopies 

I will need the following auxiliary statement: 

Proposition 1 Let O be an operad and A be an algebra over O. If B is a (DG) cocommu- 
tative coalgebra then the cochain complex 

Hb,a = Hom(L>, A) (3.1) 

of all linear maps from B to A has a natural structure of an algebra over O . 

Proof. The (9-algebra structure on A is by definition the map (of complexes) 

HA : W {A) -> A (3.2) 

making the following diagrams commutative: 

Wo(v (A)) ¥ (A) 
I Mo(j4) | MA (3-3) 

Vo(A) ^ A, 
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A u ^i ] F (A) 

\ id | ^ (3-4) 

where \xq and are the transformation of functors 

Ho ■ o f — > F , 
Mo : Id — > ¥ 

defined by the operad structure on O . The map \ia is called the multiplication. 
For every n > 1 the comultiplication A in B provides me with the following map 

A {n) X = (A ® l^(™- 2 )) . . . (A ® 1 ® 1)(A <g> 1)AI (3.5) 

Using this map and the C-algebra structure on A , I define the (9- algebra structure on Ti B a 
M)by 

H(v, 7l , . . . , 7n ; X) = ^ A (v) [ 7l ® • • • ® 7n (AWl)] , (3.6) 

where u G O(n) , 7i G Hom(S, A) , and X e B . 

The equivariance with respect to the action of the symmetric group follows from the 
cocommutativity of the comultiplication on B . 

The commutativity of the diagram 

Fo(Ws, A ) Hb,a, 

follows from the commutativity of (13.31) and the associativity of the comultiplication in B . 
The commutativity of the diagram 

iLb,a — > ^o{rtB,A) 

\ id | " (3-8) 

and the compatibility of (13. 6p with the differential are obvious. □ 
Since 

^Acocomm(^) ^cocoram(^ ^) 

for every Loo-algebra C° proposition [1] gives me a Loo-structure on the cochain complex 

U = sHom(C(£),r). (3.9) 
This algebra U can be equipped with the following decreasing filtration: 

U = T X U D T 2 U D ■ • • D ^ fc W D . . . 
jr^ = {/ g Hom(A'£, £°) I / = 0} . (3.10) 

A< k C 



It is not hard to see that this filtration is compatible with the Loo-algebra structure on IA . 
Furthermore, since U = JF 1 ^, for every k the Loo-algebra lAjT k U is nilpotent. On the other 
hand, 

U = limU/F k U, (3.11) 

k 

and hence, the Loo-algebra IA is pronilpotent and the notion of a Maurer-Cartan element of 
IA makes sense. 

My next purpose is to identify the Maurer-Cartan elements of the Loo-algebra IA (13.91) 
with Loo-morphisms from C to C° : 

Proposition 2 L^-morphisms from £ to £° are identified with Maurer-Cartan elements of 
the L^-algebra IA 113. 9\) 

Proof. Since C(£°) is a cofree coalgebra, the map F (12.21) is uniquely determined by its 
composition pr^oF with the projection pr £0 (12.31) . This composition is a degree zero element 
of Hom(C(£), £°) . Thus, since IA (I3.9P is obtained from Hom(C(£), C ) by the suspension, 
every morphism F (I2.2p is identified with a degree 1 element of IA . 
It remains to prove that the compatibility condition 

Q°F = FQ (3.12) 

of F with the codifferentials Q and Q° on C(C) and C(£°), respectively, is equivalent to the 
Maurer-Cartan equation (12.51) on pr £0 o F viewed as an element of U . 
It is not hard to see that 

P r £<> ° (Q°F - FQ) = . (3.13) 
is equivalent to the Maurer-Cartan equation on the composition pr^ooL viewed as an element 

of u (BSD - 

Thus, I have to show that equation (I3.13P is equivalent to the compatibility condition 

03321). 

For this, I denote by ^ the difference: 

m = Q°F - FQ 

and remark that 

= -(^®L + L®^)A, (3.14) 

where A denotes the coproduct both in C (£) and C (£°) . 

The latter follows from the fact that Q and Q° are coderivations and F is a morphism of 
cocommutative coalgebras. 

Given a cooperad C, a pair of cochain complexes V, W, a degree zero map 

f:V^W 

and an arbitrary map 

b : V -> W 

I denote by d(b, f) the following map0 

d(b,f):¥c(V)^¥ c (W) 

1 A similar construction was introduced at the beginning of section 2.2 in [3]. 
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d(b,f)(j,v 1 ,v 2 ,...,v n ) = 
n (3 15) 

^ ( _ l) |6|(]7l+NI+-+K-i|)( 7) . . . j 6 ( V4 ) f /(vi+1 ) f . . . f f 

i=l 

7GC(n), UiGV, 

where |7|, |6|, are, respectively, degrees of 7, 6, and u 3 - . The equivariance of (13.151) with 
respect to permutations is obvious. 

It is not hard to see that condition (I3.14p is equivalent to commutativity of the following 
diagram 

^Acocomm(^) * ^Acocomra(^ 



i v I " (3.16) 

d(9,F) 

^Acocomm(^Acocomm(^)) ~* ^Acocomm (^Acocomm )) j 

where v is the coproduct of the cotriple FA COC omm • 

Since the functor F Acocomm with the transformations v : F Acocomm -> F Acocomm oF Acocomm 
and pr : FAcocomm — ► Id form a cotriplqj, the following diagram 

FAcocomm [fi ) 

I " \ id (3.17) 

FAcocomm (FAcocomm )) * ^Acocomm(^ ) > 

with p being FAcocomm (p r £«)) commutes. 

Attaching this diagram to (I3.16P I get the commutative diagram 

^Acocomm(^) * FAcocomm ) 

[ v I " \ id (3.18) 

FAcocomm (FAcocomm (^) ) * ^Acocomm (^Acocomm )) * FAcocomm (^ ) ; 

where, as above, p = F Acocomm (pr £ ») . 
Hence, 

* = Faco comm (pr £0 ) o d(ty, F) o v . 

On the other hand 

FAco comm 

(pr £ o) o d(ty, F) = d(pr C o o vp, pr £c o F) . 

Therefore, 

$ = d(pr c <> o \1>, pr £0 o F) o v 

and \I/ vanishes if and only if so does the composition pr £0 o \I> . 
This concludes the proof of the proposition. □ 

The identification proposed in the above proposition allows me to introduce a notion of 
homotopy between two Loo-morphisms. Namely, 

Definition 3 L^-morphisms F and F from C to C° are called homotopic if the correspond- 
ing Maurer-Cartan elements of the L^-algebra U k3. 9\) are equivalent. 



2 See, for example, section 1.7 in 3 . 
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4 Lemma 1 from JT] 

Let me denote by F n the components 

F n : A n £ -> £° 
F n = pr £ ooF (4.1) 

of the composition pr £ <> o L , where pr £0 is the projection from IFAcocomm(£°) onto cogener- 
ators. In [1] the maps (14.11) are called structure maps of the Loo-morphism (12. 2p . 

The compatibility condition (13 . 12[) implies that the structure map L\ of the first level is 
morphism of complexes: 

F 1 :C^C\ <? 1 F 1 = F 1 Q 1 . 

By definition, an Loo-morphism F is a Loo-quasi-isomorphism if the map F\ is a quasi- 
isomorphism of the corresponding complexes. 
I can now prove the following lemma: 

Lemma 1 Let 

F : C{C) i-> C(£°) 

be a quasi-isomorphism from an Loo-algebra (C,Q) to an Loo-algebra {Cf.Q^). For n > 1 
and any map 

H:A n C^ £° (4.2) 
of degree —n one can construct a quasi-isomorphism 

F : C{£) i-> C(£°) 

such that for any m < n 

F m = F m : A m C h-> C (4.3) 

and 

F„(7i,...,7 n ) = F n (7i,...,7„) + 
Q\H{ 1Xl . . . , 7 n) - (-) n #(Qi( 7l ), 72, ■ ■ ■ , In) - ■ ■ ■ (4.4) 
• • • - ( 7l , . . . , 7n _ x , Q x ( 7n )) , 

where 7 j G £ fei . 

Proof. Let Q w denote the Loo-algebra structure on W (13.91) . Let a be the Maurer-Cartan 
elements of U corresponding to the Loo-morphism F. 
By setting 

H , if m = n , 

(4.5) 



A m c , otherwise 



I define an element £ G W of degree 0. By definition of the filtration (13.101) the element £ 
belongs to T n U 

Let «f be the unique path of Maurer-Cartan elements defined by 

±a t = (Q u )T(0, at =a. (4.6) 
at t=o 
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The unique solution a t of ( 14. 6ft can be found by iterating the following equation in degrees 
in t 



a t = a+ [\cp)?{S)dT. 
Jo 



(4.7) 



Since the Loo-algebra U is pronilpotent the recurrent procedure (14.71) converges. 
It is not hard to see that, since £ G T n U, 



at-ae T n U (4.8) 

and 

a t -(a + tQ¥(0) er i+1 U. (4.9) 
Let F be the Loo-morphism from £ to £° corresponding to the Maurer-Cartan element 



a = a t 



t=i 



Equation (14. 8 j) implies (14.31) and equation (14.91) implies (|4.4j) . It is obvious that, since F 
is a quasi-isomorphism, so is F . 
The lemma is proved. □ 



5 Model category interpretation of the homotopies 

In [5] V. Hinich showed that the category Coalg of unital (unbounded) DG cocommutative 
coalgebras can be equipped with a structure of the closed model category. The definition is 
based on Quillen's functor f^iie [S] from the category Coalg to the category of DG algebras 
over the operad Alie . Namely, the cofibrations in Coalg are injective maps and weak 
equivalences are maps / such that O/uieC/L is a quasi-isomorphism. 

In this section I give an interpretations of the homotopies between morphisms of Loo- 
algebras (£, Q) and (£°, Q°) in terms of this model category structure. 

First, I notice that for every Loo-algebra the coalgebra C(£) can be easily upgraded to a 
unital coalgebra in the sense of definition 2.1.1. in [5 J by attaching the group-like element u 

C+(C) = C{£) ®Ru (5.1) 

with the properties 

Q(u) = , Am = u®u , e{u) = 1 , 

where A is the comultiplication and e is the counit. 

Second, one can similarly extend an Loo-morphism F from £ to £° to a morphism L + 
between the corresponding unital coalgebras C + (£) and C + (£ <> ) . It is also obvious that 
every morphism of the unital coalgebras C + (£) and C + (£ <> ) can be obtained in this way. 
Thus I get a fully faithful embedding of the category of Loo-algebras to the category of unital 
(unbounded) DG cocommutative coalgebras. I denote this embedding by C + . 

I claim that 

Proposition 3 Two L ^-morphisms F and F are homotopic in the sense of definition^ if 
and only if F + and F + are homotopic in the closed model category of unital (unbounded) 
DG cocommutative coalgebras. 

3 This interpretation was explained to me by V. Hinich. 
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Proof. It is obvious that for every Loo-algebra the coalgebra C + {£) is a cofibrant object in 
Coalg . Furthermore, using the fact that the coalgebra C + (£) is free it is not hard to show 
that C + (C) is also fibrant. Therefore it suffices to show that the homotopy between F and 
F given in definition [3] is equivalent to the right homotopy between F + and F + with a fixed 
very good path object C+^Y for C+(£°) . 
I choose the following path object for C + (£°): 

C + {CY = C + {C®ST$)), (5.2) 

where 

fi"(R) = R[t] ®R[t]dt 

is the polynomial De Rham algebra of the real line with dt having degree 1 . 
The natural embedding 

l : £° ^ £°®n 9 (R) (5.3) 

and the natural projections 



p (X)=X : £°® fi'(R) -> £ 

t=0, dt=0 



o 



o 



p 1 (X)=X : £°<8>fi'(R) 

t=l,dt=0 

provide me with the required morphisms 

C+(l) : C+(£°) C + (£° (8) JT(R)) (5.4) 

and 

C+(p ) : C + (£° ® fi"(K)) -> C+(£°) , 

C+(pi) : C + (£° (8) fi*(M)) -> C+(£°) . 

Since t (15. 3p is a quasi-isomorphism of Loo-algebras C + (l) is weak equivalence. Further- 
more, C + (i) is also an embedding and hence is an acyclic cofibration. Thus (I5.2p is a very 
good path object. 

Let H + be a morphism from C + (£) to C + (£° <g> fi*(K)). Then is defined by the 
corresponding morphism 

H : C{£) -f C(£*®fi*(R)) (5.5) 

which is, in turn, uniquely determined by its composition prc<>®mip) ° L 7 with the projection 
pr^o^jwH) from C(£° ® f2'(R)) onto £° ® fi*(R) . I denote this composition by h 

h = Wcwm o H : C{£) -> £° ® fi'(R) . (5.6) 

According to proposition [2] the element ft. is a Maurer-Cartan element of the Loo-algebra 
sHom(C(/:),/: <> (g)fi , (R)). 

Let me decompose the element ft as 

ft = h° + h l dt , 

where h° and ft 1 are elements in Hom(C(£), £°[t}) of degrees and —1, respectively. In 
terms of this decomposition, the Maurer-Cartan equation (12. 5p for h (j5.6p boils down to 

oo 

E^n° m ( /i0 '---' /i °)= ' ( 5 - 7 ) 

n=i 
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n=l 

where Q^ om are structure maps of the L^-algebra sHom(C(£),£°) 

Equation ( 15. 7ft tells me that /i° is a Maurer-Cartan element of the Loo-algebra 

sHom(L7(£),£°[t]) 

and h 1 defines an equivalence between the Maurer-Cartan element 



and 



t=o 



G sHom(C(£),£ c 



t=i 



This consideration allows me to conclude that two Loo-morphisms F and F between the 
Loo-algebras C and C° are homotopic in the sense of definition [3] if and only if there is a 
morphism of DG coalgebras 

H + : C + {C) -> C + (£°®fi'(M)) 

such that 

C+( Po )oi/ + = F+, 

and 

C+(pi) oH + = F + . 

Thus the proposition follows. □ 
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